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Abstract. We address the possibility in factorization proofs that low-energy collinear gluons can couple to soft gluons.
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This talk is based on Ref. [1], in which one can find a
more detailed discussion.
The goal in factorization of QCD processes is to sep-
arate perturbative processes at the scale of the large mo-
mentum transfer Q from nonperturbative processes at the
scale of ΛQCD or smaller. In a factorization formula, the
perturbative contributions are contained in short-distance
coefficients, which are process dependent. The nonper-
turbative contributions are contained in long-distance
quantities, such as parton distribution functions and frag-
mentation functions. The predictive power of factor-
ization formulas comes from the process independence
(universality) of the nonperturbative quantities.
For hard-scattering processes in QCD, the nonper-
turbative contributions arise from the emission of soft
gluons or gluons that are collinear to external parti-
cles. These gluons and the associated propagators to
which they attach have virtualities that are much less
than the hard-scattering scale Q. We use the light-cone
momentum components k = (k+,k−,k⊥), with k± =
(1/
√
2)(k0± k3). Then the components of the momen-
tum of a soft gluon have the orders of magnitude
kS ∼ QεS(1,1,1⊥), (1)
where εS ≪ 1. There is a soft logarithmic singularity that
is associated with the limit εS → 0. Suppose that the mo-
menta of the external particles are along the± light-cone
directions. Gluons that are collinear to these external par-
ticles have collinear-to-plus (C+) and collinear-to-minus
(C−) momenta:
kC+ ∼ Qε+[1,(η+)2,η+⊥], (2)
kC− ∼ Qε−[(η−)2,1,η−⊥], (3)
where η±≪ 1. There is a collinear logarithmic singular-
ity that is associated with the limit η±→ 0. There is also
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FIGURE 1. Conventional leading regions for e+e− annihila-
tion into two light mesons.
a soft logarithmic singularity that is associated with the
limit ε±→ 0.
Leading regions are the Feynman-diagram topologies
that yield contributions that are leading in powers of Q.
One can find the leading regions for gauge theories by
analyzing pinch singularities in the momentum contours
of integration and by making use of power-counting ar-
guments [2, 3, 4, 5, 6]. For definiteness, consider e+e−
annihilation into two light mesons. In this discussion
and in subsequent discussions, we work in the Feynman
gauge. The conventional leading regions have the form
that is shown in Fig. 1. J± are jet subdiagrams, which
contain the external particles and associated collinear
gluons. S is a soft subdiagram, which contains soft glu-
ons. H is a hard subdiagram, which contains only prop-
agators with virtuality of order Q2. In the conventional
picture of the leading regions, soft gluons attach to the
collinear subdiagrams and collinear gluons attach only
to the hard subdiagram. This form is also implicit in the
action in soft-collinear effective theory (SCET) [7].
However, low-energy collinear gluons can couple to
soft gluons. Consider the two-loop example in Fig. 2 in
which a C+ gluon attaches to a soft gluon. The vertex,
propagator and phase-space factors give (for ε+ . εS)
the factor εSε+/(ε2S + εSε+). This factor is independent
of Q and gives a leading contribution if ε+ ∼ εS. Hence,
the leading regions must include couplings of collinear
FIGURE 2. Two-loop example of a C+ gluon attaching to a
soft gluon.
FIGURE 3. Leading regions for e+e− annihilation into two
light mesons.
gluons to soft gluons. Power-counting arguments also
show that low-energy collinear gluons can couple to
each other, as well as to the hard subdiagram. Thus, the
leading regions have the form that is shown in Fig. 3.
Because of color confinement, gluons with momen-
tum components less than of order ΛQCD are unphysical.
Therefore, one might ask why we need to consider glu-
ons with energy less than ΛQCD. However, as we have
seen, low-energy gluons can appear in perturbation the-
ory in leading power in Q. Perturbative calculations are
used to compute short-distance coefficients. In order to
establish the consistency of such calculations, it is nec-
essary to prove that the contributions from low-energy
gluons can be re-organized into the standard factorized
form. Specifically, for e+e− annihilation into two light
mesons, we need to show that the amplitude factors into
(1) a hard function that contains only propagators with
virtualities of order Q2, (2) jet functions that contain all
of the collinear contributions, and (3) a soft function
that contains all of the soft contributions and that can-
cels when one sums over connections to quark and an-
tiquark in a meson. Our strategy for proving this factor-
ization has the following steps: (1) we show that the soft
and collinear singularities decouple from the hard sub-
diagram and from each other; (2) we show that the soft
singularities cancel; (3) in the jet functions, we extend
the ranges of integration of the collinear gluon momenta
to regions of order Q around the collinear singularities,
thereby incorporating all of the collinear contributions
into the jet functions; (4), we re-define the hard function
to be the amplitude divided by the extended jet functions.
The re-defined hard function is free of soft and collinear
singularities and depends only on the scale Q. Hence, it
contains only virtualities of order Q2.
In analyzing the soft and collinear singularities, we
need to consider the possibility that different loop mo-
menta can approach the soft and collinear limits at dif-
ferent rates. The allowed limiting procedures are gov-
erned by power-counting arguments. Along a given line,
the momentum components of gluons that attach to the
exterior provide lower bounds on the momentum com-
ponents of gluons that attach to the interior. That is, the
exterior divergences “control” the interior divergences.
We now describe the technical tools that we need in
order to prove factorization: collinear approximations,
the soft approximation, and decoupling relations.
If a gluon carrying C± momentum k attaches to a line
that does not carry C± momentum, then the C± approx-
imation can be applied [5, 8]. In the C± approximation
one replaces the gµν in the gluon-propagator numerator
with kµn∓ν /k ·n∓, where n∓ is a light-like vector in the∓
direction. In the C± approximation, the index µ attaches
to the non-C± line. The collinear approximations are ex-
act at the collinear singularities η±= 0. The collinear ap-
proximations do not depend on the momentum of the line
to which the collinear gluon attaches. As we shall see, a
very useful property of the collinear approximations is
that they result in a longitudinal gluon polarization.
If a gluon carrying a soft momentum k attaches to a
line carrying momentum p and the components of k are
much less than the largest component of p, then the soft
approximation applies [9, 10]. The soft approximation
consists of replacing the gµν in the soft-gluon propaga-
tor numerator with kµ pν/k · p. The index µ attaches to
the line with momentum p. The soft approximation is
exact at the soft singularity εS = 0. In contrast with the
collinear approximation, the soft approximation depends
on the momentum of the line to which the singular gluon
attaches. The soft approximation also results in a longi-
tudinal gluon polarization.
If the longitudinally polarized gluons that result from
one of the above approximations (soft, C+, or C−) attach
in all possible ways to a subdiagram, then the graphi-
cal Ward-Takahashi identities can be used to show that
they decouple [5, 8, 10]. The decoupling relations are
depicted in Fig. 4 The hash-marks on the external lines
indicate that those lines are truncated. There can also
be an arbitrary number of on-shell external lines, which
are not shown explicitly. The arrows represent the gluon-
propagator replacement factors from the soft, C+, or C−
approximation. The “eikonal” (double) lines have ver-
tices of the form nµ and propagators of the form 1/(k ·n),
where n is the vector that appears in the soft, C+, or C−
approximation. These eikonal lines are path-ordered ex-
FIGURE 4. Decoupling relations.
FIGURE 5. Factored soft and collinear singular contribu-
tions.
ponentials of path integrals of gauge fields.
In non-Abelian gauge theories, the decoupling rela-
tions require that the gluons have momenta that are pro-
portional to each other. This is automatically the case
for gluons with momenta at a C+ or C− singularity. If a
soft gluon with momentum k attaches to a subdiagram in
which all lines have C± singular momenta, then only the
component k∓ enters into the interactions in the subdia-
gram. Without loss of accuracy, we can replace k in the
subdiagram and in the soft approximation with a vector
whose only nonzero component is k∓ . Then, all of the
soft gluons that couple to the C± singular subdiagram
have momenta that are proportional to each other, as is
required by the decoupling relation.
In order to carry out the factorization, we follow an
iterative procedure, starting with the singular contribu-
tions that are innermost in the Feynman diagrams (those
with the largest energy scale) and working to the outside.
Each stage in the iteration involves soft gluons with ener-
gies of order a nominal scale (NS), collinear gluons with
energies of order the NS, and collinear gluons with en-
ergy of the large scale (LS). The LS is much larger than
the NS, but much smaller than the NS of the next larger
(inner) level. We apply the soft and collinear approxima-
tions and the decoupling relations at each stage. We also
make use of relationships between collinear eikonal lines
to combine contributions within each stage and to com-
bine contributions from successive stages. We refer the
reader to Ref. [1] for details. The result is that the soft
and collinear singular contributions factor, and we arrive
at the form that is shown in Fig. 5. In this figure, ˜S, ˜J±
denote the singular parts of S and J±.
It can be seen that the soft eikonal lines that attach to
a quark and an antiquark in a given meson cancel. This
can be established by making use of order-by-order al-
gebraic relations or, more simply, by noticing that the
corresponding path-ordered exponentials run in opposite
directions and end on space-time points that are sepa-
rated by kµ/Q → 0. The cancelling contributions have
the same color factor by virtue of the color-singlet nature
of the meson.
There is also a cancellation of the parts of the quark
and antiquark collinear eikonal lines for which the ener-
gies of the collinear gluons are much less than Q. This
cancellation implies that the couplings of the low-energy
C± gluons to subdiagrams outside J± do not contribute
in the end, but this becomes apparent only when one has
carried out the re-organization that we have described.
Now we extend the ranges of integration in ˜J± up to
an ultraviolet cutoff µF ∼ Q, which acts as a factoriza-
tion scale. We also re-define ˜H to be the complete ampli-
tude divided by ˜J+ and ˜J−. Then, ˜H is free of soft and
collinear singularities and depends only on the scale Q.
Hence, we have arrived at the standard factorized form:
A = ˜J−⊗ ˜H⊗ ˜J+, (4)
where ˜H contains only virtualities of order Q2 and ˜J+
and ˜J− contain all of the collinear contributions with
virtualities of order or less than Λ2QCD.
ACKNOWLEDGMENTS
The work of G.T.B. and X.G.T. was supported by the
U.S. Department of Energy, Division of High Energy
Physics, under Contract No. DE-AC02-06CH11357. The
research of X.G.T. was also supported by NSERC.
REFERENCES
1. G. T. Bodwin, X. Garcia i Tormo, and J. Lee, Phys. Rev. D
81, 114005 (2010).
2. G. Sterman, Phys. Rev. D 17, 2773 (1978).
3. G. Sterman, Phys. Rev. D 17, 2789 (1978).
4. S. B. Libby and G. F. Sterman, Phys. Rev. D 18, 3252
(1978).
5. J. C. Collins, D. E. Soper, and G. Sterman, Nucl. Phys. B
261, 104 (1985).
6. J. C. Collins, D. E. Soper, and G. Sterman, Adv. Ser. Direct.
High Energy Phys. 5, 1 (1988).
7. C. W. Bauer et al., Phys. Rev. D 63, 114020 (2001).
8. G. T. Bodwin, Phys. Rev. D 31, 2616 (1985) [Erratum-ibid.
D 34, 3932 (1986)].
9. G. J. Grammer and D. R. Yennie, Phys. Rev. D 8, 4332
(1973).
10. J. C. Collins and D. E. Soper, Nucl. Phys. B 193, 381
(1981) [Erratum-ibid. B 213, 545 (1983)].
